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Termination of the phase of quintessence by gravitational back reaction

Mingzhe Li,* Wenbin Lin,† and Xinmin Zhang‡

Institute of High Energy Physics, Chinese Academy of Sciences, P.O. Box 918-4, Beijing 100039, People’s Republic of Chi

Robert Brandenberger§

Department of Physics, Brown University, Providence, Rhode Island 02912
~Received 13 August 2001; published 26 December 2001!

We study the effects of gravitational back reaction in models of quintessence. The effective energy-
momentum tensor with which cosmological fluctuations back react on the background metric will in some
cases lead to a termination of the phase of acceleration. The fluctuations we make use of are the perturbations
in our present Universe. Their amplitude is normalized by recent measurements of anisotropies in the cosmic
microwave background; their slope is taken to be either scale invariant or characterized by a slightly blue tilt.
In the latter case, we find that the back-reaction effect of fluctuations whose present wavelength is smaller than
the Hubble radius but which are stretched beyond the Hubble radius by the accelerated expansion during the
era of quintessence domination can become large. Since the back-reaction effects of these modes oppose
acceleration, back reaction will lead to a truncation of the period of quintessence domination. This result
impacts on the recent discussions of the potential incompatibility between string theory and quintessence.
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I. INTRODUCTION

Evidence is increasing that the Universe is spatially
and, at the present time, accelerating. The best evidence
spatially flat Universe comes from the location of the aco
tic peaks of the spectrum of cosmic microwave anisotrop
~see e.g.@1# for a recent discussion!. Since dynamical mas
determinations from observations of large-scale structure
converging@2# to a mass density far short of the critic
density, the density required for a spatially flat Universe,
difference must be due to either a remnant small cosmol
cal constant, or a new form of matter which is not cluste
gravitationally on the scale of galaxy clusters, and has b
given various names, includingdark energyand quintes-
sence, the name we will adopt~see, e.g.,@3,4# for original
papers and@5# for a recent review and detailed reference!.
This conclusion is supported by the recent supernova ob
vations which yield Hubble diagrams which directly supp
the evidence that the Universe is, at the present time, ac
erating@6,7#. Hence, quintessence must have an equatio
state p,2(1/3)r, p and r denoting the pressure and th
energy density, respectively.

Most models of quintessence proposed involve a new
lar field Q which is taken to be homogeneous in space, a
via its kinetic and potential energy contributions to t
energy-momentum tensorTmn tuned to provide an equatio
of state leading to accelerated expansion, beginning to do
nate the matter content of the Universe today. In many s
models, acceleration will continue forever.

It can easily be seen that in such models there is an e
horizon for every observer. As has recently been pointed
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@8,9#, this leads to a potential incompatibility between mo
els of quintessence and string theory. It has been argued~see
e.g. @10# and references therein! that in the presence of d
Sitter horizons, string theory cannot be defined since ph
cal observables cannot be expressed in terms of theSmatrix
of string theory. As is obvious@8,9#, the problem immedi-
ately carries over to models of quintessence postulated w
today and, in many models, at all future times, dominates
matter content of the Universe~this conclusion can be
avoided in certain models with an exponential poten
along ‘‘tracker’’ solutions@11,12#!.

By adding more new fields, it is possible to solve~see e.g.
@13–15#! this problem by constructing models in which th
period of quintessence is terminated in a way which is ana
gous to the termination of the period of inflation in hybr
inflation @16# models. In this paper, we point out that th
gravitational back reaction of cosmological fluctuations p
vides a mechanism which, in some models, will lead to
termination of the phase of acceleration, without the need
add new physics.

II. METHOD AND QUALITATIVE CONSIDERATIONS

The idea of gravitational back reaction of cosmologic
fluctuations is simple. In the presence of the fluctuations
the space-time metric and of matter, the cosmological ba
ground evolves differently compared to its evolution in t
absence of perturbations@17,18#. This effect is due to the
nonlinearities of the Einstein field equations. The effect c
be characterized in terms of an effective energy-momen
tensor tmn with which the fluctuations back react on th
background metric.

In this paper we will focus on the back-reaction effect
infrared modes@modes with wavelength larger than th
Hubble radiusH21(t), whereH(t) is the Hubble expansion
rate# on the evolution of a Universe dominated by a quinte
sence field. In a separate paper, we will analyze the ba
©2001 The American Physical Society19-1
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reaction effect by ultraviolet modes@19#.
In models with accelerated expansion, the phase spac

infrared modes grows since the Hubble radius is decrea
in comoving coordinates, as is the case in inflationary c
mology. Hence, we expect the back-reaction effect of inf
red modes to grow. In the following we will show that i
models with a sufficiently blue spectrum of primordial flu
tuations, the back-reaction terms will eventually domin
the field equations for the effective background. Since
equation of state corresponding tot i j opposes acceleration
back-reaction effects cannot be neglected and are expect
terminate the accelerated expansion, or, in other words
screen the effects of the background quintessence field.

We first give a brief review of gravitational back reactio
of a general scalar matter fieldw and then apply it to the
period of quintessence domination.

The basic idea of gravitational back reaction~see e.g.@20#
for a review! is to expand the Einstein equations to seco
order in the perturbations, to assume that the first order te
satisfy the equations of motion for linearized cosmologi
perturbations~see e.g.@21# for a comprehensive review!, to
take the spatial average of the remaining terms, and to re
the resulting equations as equations for a new homogen
metricgmn

(0,br) which includes the effect of the perturbations
quadratic order:

Gmn~gab
(0,br)!58pG@Tmn

(0)1tmn#, ~1!

where the effective energy-momentum tensortmn of gravita-
tional back reaction contains the terms resulting from spa
averaging of the second order metric and matter pertu
tions:

tmn5 K Tmn
(2)2

1

8pG
Gmn

(2)L , ~2!

where the angular brackets stand for spatial averaging,
the superscripts indicate the order in perturbations.

In longitudinal gauge the perturbed metric can be writ
in the form

ds25~112F!dt22a~ t !2~122F!d i j dxidxj , ~3!

wherea(t) is the cosmological scale factor. Provided the
are no linear contributions to the spatial off-diagonal terms
the matter energy-momentum tensor, the above metric c
tains the full information about scalar metric fluctuation
The energy-momentum tensor for a scalar field is

Tmn5w ,mw ,n2gmnF1

2
w ,aw ,a2V~w!G . ~4!

In this case, the spatial off-diagonal terms inTmn vanish.
By expanding the Einstein tensor and the above ene

momentum tensor to second order in the metric and ma
fluctuationsF anddw, respectively, it can be shown that th
non-vanishing components of the effective back-react
energy-momentum tensortmn become
02351
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mpl

2

8p
@112H^FḞ&23^~Ḟ !2&19a22^~¹F!2&#

1
1

2
^~dẇ !2&1

1

2
a22^~¹dw!2&1

1

2
V9~w0!^dw2&

12V8~w0!^Fdw&, ~5!

and

t i j 5a2d i j H mpl
2

8p F ~24H2116Ḣ !^F2&124H^ḞF&1^~Ḟ !2&

14^FF̈&2
4

3
a22^~¹F!2&G14ẇ0

2^F2&1
1

2
^~dẇ !2&

2
1

6
a22^~¹dw!2&24ẇ0^dẇF&2

1

2
V9~w0!^dw2&

12V8~w0!^Fdw&J . ~6!

All terms are quadratic in the fluctuations. The two-po
functions in the angular brackets can be viewed classicall
spatial averages or quantum mechanically as equal-time
point functions.

We will now apply these equations to quintessence m
els and thus replacew by Q. Since we are interested in th
back-reaction effect of infrared modes, we can drop all ter
involving spatial gradients. We will focus attention on qui
tessence models for which the slow-rolling approximation
valid. In this case, the background satisfies

Q̇.2
V8

3H
,

H2.
8p

3mpl
2

V, ~7!

Ḣ

H2
.2

mpl
2

16p S V8

V D 2

,

whereV(Q) is the potential for the quintessence field, and
prime denotes the derivative with respect toQ. In this case,
the expressions fortmn become

rbr[t0
05

mpl
2

8p
~12H^FḞ&23^Ḟ2&!1

1

2
^d Q̇2&1

1

2
V9^dQ2&

12V8^FdQ&, ~8!
9-2
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pbr[2
1

3
t i

i5
mpl

2

8p S 16ḢQ^F2&124H^FḞ&1^Ḟ2&

14^FF̈&1
4V82

3V
^F2& D18V^F2&1

1

2
^ḋQ2&

2
1

2
V9^dQ2&12V8^FdQ&1

4V8

3H
^d Q̇F&. ~9!

Each two-point function can be evaluated as an integ
over the Fourier modes~we assume a flat universe for sim
plicty! of the linear fluctuation variables. We use the follow
ing convention for the Fourier expansion of a function U~x,t!
~e.g.,F,dQ):

U~x,t !5
1

~2p!3/2E Uk~ t !e2 ik•xd3k. ~10!

Making use of the slow-roll approximation for the quin
tessence fieldQ, the linear perturbation equations have t
following solution for Fk on scales larger than the Hubb
radius@21#:

Fk.Ak

mpl
2

16p S V8

V D 2

, ~11!

whereAk is an integration constant. By taking derivatives
Eq. ~11! and using the background equation~7! obtained in
the slow-rolling approximation, we can easily find

Ḟk.2
2V

3HQ
FV9

V
2S V8

V D 2GFk ,

~12!

F̈k.
mpl

2

24p S 7
V84

V3
12

V-V8

V
213

V82V9

V2
14

V92

V D Fk .

The linearized Einstein constraint equations yield

dQk5
mpl

2

4pQ̇
~Ḟk1HQFk!

5Fmpl
2

2p S V9

V8
2

V8

V D 22
V

V8
GFk , ~13!

from which the time derivatived Q̇k can easily be expresse
in terms ofFk , making use once again of the backgrou
equations in the slow-rolling approximation.

Inserting Eqs.~10!–~13! into Eqs.~8! and ~9!, we obtain
02351
al

f

rbr5H 2VS VV9

V82
22D 1

mpl
2

12p S V82

V
110V9211

VV92

V82 D
1

mpl
4

48p2 S 2
V8V-

V
23

V92

V
24

V82V9

V2
13

V84

V3
22

V9V-

V8

14
V93

V82D 1
mpl

6

192p3V
S V-1

V92

V8
25

V9V8

V
13

V83

V2 D 2J
3^F2&, ~14!

pbr5H 22VS VV9

V82
22D 1

mpl
2

12p S 7
V82

V
222V9113

VV92

V82 D
1

mpl
4

48p2 S 25
V92

V
217

V82V9

V2
12

V84

V3
22

V9V-

V8

28
V93

V82D 1
mpl

6

192p3V
S V-1

V92

V8
25

V9V8

V
13

V83

V2 D 2J
3^F2&. ~15!

The energy density and pressure of the background
quintessence during the slow-roll period is

rbg.2pbg.V, ~16!

so we have

rbr13pbr

rbg13pbg
.^F2&H 2S VV9

V82
22D 2

mpl
2

12p

3S 11
V82

V2
228

V9

V
114

V92

V82D 2
mpl

4

96p2

3S 2
V8V-

V2
172

V92

V2
255

V82V9

V3

19
V84

V4
28

V9V-

V8V
220

V93

V82V
D 2

mpl
6

96p3V2

3S V-1
V92

V8
25

V9V8

V
13

V83

V2 D 2J . ~17!

When this ratio becomes of order unity, the back-react
effects begin to dominate. Hence, in the following we w
focus on calculating this ratio.

The crucial quantity to evaluate is the expectation va
^F2(t)&. It obtains contributions from all Fourier modes o
F:

^F2~ t !&5E
ki

kt k3

2p2
uFk~ t !u2

dk

k
, ~18!

whereki5aiHi andkt5a(t)H(t) are infrared and ultraviole
cutoffs, respectively. The infrared cutoff is given by th
9-3
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length scale above which there are no fluctuations. This i
turn determined by the cosmological model. If our Univer
results from a period of inflation, thenki is given by the
comoving wave number corresponding to the Hubble rad
at the beginning of inflation. The ultraviolet cutoff is a mo
tricky issue. We will return to a discussion of this point
@19#. For the moment, let us remark that the phase spac
ultraviolet modes increases more slowly in an accelera
Universe than the phase space of infrared modes.

There are two reasonable choices for the ultraviolet c
off: either at constant physical or at constant comoving w
numberk. The first prescription is more physical. In an e
ponentially expanding background, the resulting phase sp
of ultraviolet modes is constant, whereas the phase spac
infrared modes grows rapidly as the wavelengths of mo
are stretched exponentially to become larger than the Hu
radius. For quintessence models withp.2r, the ultraviolet
phase space does grow slowly, but as long as the equatio
state of quintessence does not differ too much fromp52r,
the growth of the infrared phase space will exceed
growth of the ultraviolet phase space. The problem with t
first way of setting the ultraviolet cutoff is that it requires th
continuous creation of modes at the ultraviolet cutoff f
quency, and this is hard to reconcile with unitarity. Th
problem is avoided if the ultraviolet cutoff is set at a const
comoving wave number. In this case, the phase spac
ultraviolet modes always decreases in an accelerating b
ground cosmology because the Hubble radius is decrea
in comoving coordinates.

We conclude that, once the ultraviolet cutoff is set at so
time ~e.g. the present timet0), the ultraviolet terms will be
well controlled at all future times. In the following, in evalu
ating the strength of the back reaction at timet, we will
restrict our attention to the effect of infrared modes, a
hence we will only consider the contribution to Eq.~18! of
modes with a wave number smaller than the valuekH(t) cor-
responding to the Hubble radius at timet.

III. SPECTRUM OF COSMOLOGICAL FLUCTUATIONS

In this section we will estimate the strength of the ba
reaction for two classes of quintessence models, assum
that the spectrum of cosmological fluctuations is normaliz
by the recent observations of cosmic microwave backgro
~CMB! anisotropies, and that the spectrum is either sc
invariant or given by a slight tilt. We will find that in the
former case back reaction is always small, whereas it
become large and end the period of quintessence domina
in the latter case.

To apply the formulas of Sec. II we need to relate t
value of Fk during the period of quintessence dominatio
from now on denoted byFQk , to the corresponding valu
Fmk at a redshift just before the quintessence begins
dominate, i.e. in the matter-dominated phase. For simp
ty,we will take this time to be the present timet0.

It is convenient to consider separately modes which
outside the Hubble radius today, and modes which are
side the Hubble radius at the timet.t0, but inside at the
present time. For the former modes we can use the con
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vation @22–24# of the Bardeen parameter

z[
2

3

F1H21Ḟ

11w
1F, ~19!

to relate the values ofFQk(t) andFmk(t0). Here,w5p/r is
a measure of the equation of state of the background. T

2

3

Fmk1Hm
21Ḟmk

11wm
1Fmk5

2

3

FQk1HQ
21ḞQk

11wQ
1FQk ,

~20!

where the subscriptsm andQ denote whether the quantity i
evaluated during the epoch of matter domination or dur
quintessence domination.

During the matter dominated era,wm50 andḞmk50, so
the left-hand side of~20! is 5Fmk/3. During the slow-roll
period of quintessence domination, we have@from Eqs.~7!
and ~12!#

HQ
21Ḟk52Ak

sup
mpl

4

~8p!2 S V8

V D 2FV9

V
2S V8

V D 2G , ~21!

where the subscript ‘‘sup’’ indicates that the mode is outsid
the present Hubble radius. In addition,

11wQ5
Q̇2

V
5

mpl
2

24p S V8

V D 2

. ~22!

Combining Eqs.~11!, ~20!, ~21!, and~22!, we have

5

3
Fmk5Ak

sup~115e22h!, ~23!

making use of the two slow-roll parameters,

e[
mpl

2

16p S V8

V D 2

!1, ~24!

h[
mpl

2

8p

V9

V
!1. ~25!

Thus, we have

Ak
sup.5Fmk/3;Fmk . ~26!

We see that the amplitude ofFk during the period of quin-
tessence domination is suppressed by the slow-roll param
e compared to the corresponding value in the matt
dominated era.

For the modes which are at the present timet0 inside the
Hubble radius, but exit the Hubble radius before timet, we
use the fact that while on scales smaller than the Hub
radius the dominant mode ofF scales as

FQk}Q̇k}
V8

3HQ
~27!
9-4
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@see Eq.~6.54! of @21##, while on scales larger than th
Hubble radius

FQk}S V8

V D 2

~28!

@see Eq.~11!#. This allows us to expressFQk in terms of the
values of the potential and its derivatives at the tim
t0 , tH(k) and t, where tH(k) is the time when the scalek
crosses the Hubble radius, and is given bya„tH(k)…H5k,

FQk5
1

6A2pmpl
S V3/2

V8
D

tH(k)

V82

V2
FmkS 1

6A2pmpl

V08

V0
1/2D 21

5Fmk

V0
1/2

V08
S V3/2

V8
D

tH(k)

V82

V2

[Ak
sub

mpl
2

16p

V82

V2
, ~29!

where

Ak
sub[

16p

mpl
2

V0
1/2

V08
S V3/2

V8
D

tH(k)

Fmk ~30!

is introduced in accord with the notation of Eq.~11!. Note
that since the quintessence field is a scalar field, we w
able to use equations for cosmological perturbations der
for a scalar field-dominated equation of state.

In the following, we will evaluate the two-point functio
~18! for times t@t0, making use of the amplitudes ofFQk
derived above. We will consider two potentials common
used for quintessence. First, we will assume that the s
trum of fluctuations at the present time is scale invaria
Later, we will relax this assumption and consider blue sp
tra.

A. Scale-invariant spectrum

If the present spectrum of fluctuations is scale invaria
then

Pm~k![
k3

2p2
uFmku25C, ~31!

where the constantC can be fixed by the amplitude of CMB
anisotropies on large angular scales measured by the Co
Background Explorer~COBE! @25#:

dH.1025.Pm~k!k5aHm

1/2 5C1/2. ~32!

Substituting Eqs.~11!, ~26!, ~30!, ~31! and ~32! into Eq.
~18!, we finally arrive at
02351
s

re
d

c-
t.
-

t,

ic

^FQ
2 ~ t !&.E

ki

k0
CS mpl

2

16p D 2 V84

V4

dk

k

1E
k0

kt
C

V0

V08
2 S V3

V82D
tk5aHQ

V84

V4

dk

k

5Ce2ln
a0H0

aiHi
1C

V0

V08
2

V84

V4 Ek0

ktS V3

V82D
tH(k)

d ln k.

~33!

Replacing the integral overk by the integral overa„tH(k)…
we obtain

^FQ
2 ~ t !&.Ce2 ln

a0H0

aiHi
1C

V0

V08
2

V84

V4 Ea0

atS V3

V82D d ln a,

~34!

where we have neglectedd ln HQ52ed ln a.
The slow-rolling approximation gives

a~ t !5a0 expF2
8p

mpl
2 EQ0

Q V

V8
dQG ,

~35!

d ln a52
8p

mpl
2

V

V8
dQ.

Using these relations, the expression~34! can be simplified,
yielding

^FQ
2 ~ t !&.Ce2 ln

a0H0

aiHi
2C

8p

mpl
2

V0

V08
2

V84

V4 EQ0

Q S V4

V83D dQ.

The first of the two quintessence models for which w
will evaluate the effect of the back reaction is

V5BQ2a ~36!

with B being a constant anda.1. First, note that for this
potential, the first term in Eqs.~14! and ~15! dominates and
determines the equation of state of the effective ener
momentum tensor of the back reaction. In particular, it f
lows that the equation of state is that of anegativecosmo-
logical constant, as in the case of the back reaction
inflationary cosmology@17,18#. Thus, we see that the effec
of the back reaction oppose the quintessence-driven acce
tion. Inserting Eq.~36! into Eq. ~33! yields

^FQ
2 ~ t !&5C

1

p2

mpl
4

Q4
ln

a0H0

aiHi
1C

2p

mpl
2

Q0
6

Q4
ln

Q

Q0
, for a54,

~37!
9-5
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^FQ
2 ~ t !&5C

a4

256p2

mpl
4

Q4
ln

a0H0

aiHi

1C
8p

a~42a!

Q0
2

mpl
2 S Q0

a

Qa
2

Q0
4

Q4D for aÞ4,

~38!

where Q05Q(t0). Substituting Eq.~36! into Eq. ~17!, we
have

rbr13pbr

rbg13pbg
.F2S 1

a
21D1OS S mpl

Q D 2D G^FQ
2 ~ t !&. ~39!

In this model,Q0;mpl , andQ increases with time. It can b
seen from the combination of Eqs.~37!, ~38! and ~39! that
the back reaction is very small now and will be smaller in t
future. Notice that the contribution of the first term in Eq
~37! and~38! is generally small in this case. For example,
we assume the inflation started at the grand unified the
~GUT! scale and thee-folding number is 70, ln(a0H0 /ki) is
aboutO(101). WhenQ@mpl , the first term can be neglecte
compared with the second term in Eqs.~37! and ~38!.

The second model is

V5De2lQ/mpl ~40!

with D and l constants. In this model,e5l2/16p!1, h
5l2/8p!1. It can easily be verified that also for this pote
tial the first term on the right-hand side of Eqs.~14! and~15!
dominates, and once again leads to an equation of state o
effective energy-momentum tensor of the back react
which acts like a negative cosmological constant and he
opposes the quintessence-driven acceleration. After s
straightforward calculation we have

rbr13pbr

rbg13pbg
.2CS 21

l2

4p D
3F l4

256p2
ln

a0H0

aiHi
1

8p

l2
~12e2l(Q2Q0)/mpl!G

.2C
16p

l2
~12e2l(Q2Q0)/mpl!. ~41!

One can see that for a reasonable value ofl @26#, the back
reaction in this model is very small too.

B. Blue perturbation spectra

In the above we assumed that the spectrum for the gr
tational potential during the matter-dominated eraPm(k) is
exactly scale invariant. However, if the primordial spectru
has a slight blue tilt, the conclusion will change dramatica
Thus, we now assume that

Pm~k!5CS k

kCOBE
D n

, ~42!
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with 0,n,0.1, the upper bound being set by the joi
analysis of@27# of the Maxima-1, Boomerang and COB
cosmic microwave anisotropy results. The upper bound c
responds to the one sigma statistical error. Including the
timate of @27# of the systematic errors would increase t
bound ton,0.27. In the above,kCOBE.7.5a0H0. The con-
stantC is again given by Eq.~32!. Straightforward calcula-
tions yield

^FQ
2 ~ t !&.

Ce2

7.5nn
F12S aiHi

a0H0
D nG2

C

7.5n

8p

mpl
2

V0
12n/2

V08
2

V84

V4

3E
Q0

Q V41n/2

V83
~e2(8pn/mpl

2 )*Q0

Q (V/V8)dQ!dQ. ~43!

As argued in the above, the first term is generally sm
~noticen is small which also implies that 7.5n.1).

For the first model~36!,we have

^FQ
2 ~ t !&.CS 4p~2n!

ampl
2 D 211[(11n/2)a/2]

1

2n

3Q0
21(11n/2)ae24pnQ0

2/ampl
2

Q24

3GS 22
~11n/2!a

2
,2

4pn

ampl
2

Q0
2 ,2

4pn

ampl
2

Q2D ,

~44!

where G(a,z0 ,z1) is the generalized incomplete gamm
function:

G~a,z0 ,z1!5E
z0

z1
xa21e2xdx

5
e2z0z0

a

G~12a!
E

0

`e2xx2a

z01x
dx2

e2z1z1
a

G~12a!

3E
0

`e2xx2a

z11x
dx. ~45!

From Eqs.~44! and ~45! we can see that the back reactio
will become important and terminate the acceleration of
Universe driven by the background of quintessence wheQ
becomes large enough, because we approximately have

^FQ
2 ~ t !&}

e4pnQ2/ampl
2

Q21(11n/2)a
. ~46!

For the second model~40! we have

^FQ
2 ~ t !&.C

8p

lmpl
~Q2Q0!, ~47!

when 11n@ 1
2 2(1/h)#50, and
9-6
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^FQ
2 ~ t !&.

C/h

11nS 1

2
2

1

h D
3~12e2(l/mpl)$11n[(1/2)(1/h)] %(Q2Q0)!. ~48!

when 11n@ 1
2 2(1/h)#Þ0. In the first case, the back reactio

will terminate the acceleration of the Universe whenQ
;1010Ah/8pmpl . In the second case, forn.2h/(22h) the
acceleration will stop when

Q;A h

8p

ln $1010@n2~11n/2!h#11%

n2~11n/2!h
mpl1Q0 .

~49!

Recall that the slow-rolling parameterh refers to the dynam-
ics of quintessence whereas the indexn refers to the spec
trum of fluctuations produced during inflation. Therefore,n
andh are independent, and our constraintn.2h/(22h) for
back reaction to be important does not represent a severe
tuning.

Note that forn,2h/(22h), similar to Eq.~41!, the back
reaction is generally still small unless the difference betw
the parametersn andh is fine tuned a lot; for example, if

h210210

12h/2
,n,

h

12h/2
, ~50!

the contribution coming from the back reaction will term
nate the accelerating expansion of the Universe in the dis
future.

IV. DISCUSSION

We have demonstrated that the gravitational back reac
of cosmological perturbations can lead to a termination
the period of quintessence domination, in the same wa
can lead to a termination of a period of inflation@17,18#. In
this paper we have considered the effect of infrared mod
i.e. modes whose wavelength at timet ~when back reaction is
evaluated! is larger than the Hubble radius.

Specifically, we assume a COBE normalized spectrum
cosmological fluctuations at the present timet0. We consider
both a scale-invariant spectrum and spectra with slight b
tilts. We study two classes of quintessence potentials, g
by Eqs.~36! and~40!. The most important contribution to th
back reaction comes from modes withk0,k,kH(t), where
k0 is the wave number corresponding to the present Hub
r

02351
ne

n

nt

n
f
it
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f

e
n

le

radius, andkH(t) the wave number corresponding to th
Hubble radius at timet. If the spectrum has a blue tilt, it is
the upper limit which dominates. We find that for spec
with a sufficiently large blue tilt, back reaction will terminat
the period of quintessence domination. The effective ene
momentum tensor which describes the back reaction has
form of a negative cosmological constant and hence oppo
the quintessence-driven acceleration.

Since the dominant contribution in our analysis com
from the largest values ofk we consider, it is to be expecte
that the contribution to the back reaction from ultravio
modes~modes whose wavelength at timet is smaller than the
Hubble radius! may dominate over the effects calculate
here. We will return to this issue in@19#. The point of our
analysis was to show that back reaction cannot be negle
when considering the future of a Universe dominated at
present time by quintessence.

The wavelength of modes which dominate the contrib
tion to our effect was smaller than the Hubble radius att0.
Hence, these modes are subject to the usual nonlinear gr
of cosmological fluctuations in the matter-dominated pha
This is another effect which has not been taken into acco
here~but will be in @19#!. However, it is reasonable to expe
that nonlinear effects will enhance the amplitude of the flu
tuations and hence increase the back-reaction effects.

Obviously, if the spectrum of fluctuations is so close
scale invariance so that the back reaction only becomes
portant in the very distant future, then the modes which w
contribute in this case had a microphysical wavelength at
present time, and we are faced with the true ultraviolet pr
lem of field theory.

It has recently been claimed@8,9# that the presence o
future horizons in quintessence models poses a problem
trying to reconcile string theory and quintessence. In mod
where our back-reaction effect becomes important, this pr
lem may well disappear~without the need to have to intro
duce extra physics such as additional scalar fields!.
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